Abstract. Let X be a smooth projective curve of genus g ≥ 2 over an algebraically closed field k of characteristic p > 0, and let F : X → X 1 be the relative Frobenius map. We show that a vector bundle E on X 1 is the direct image of some stable bundle X if and only if instability of F * E is equal to (p − 1)(2g − 2).
Introduction
Let X be a smooth projective curve of genus g ≥ 2 defined over an algebraically closed field k of characteristic p > 0. The absolute Frobenius morphism F X : X → X is induced by O X → O X , f → f p . Let F : X → X 1 := X× k k denote the relative Frobenius morphism over k. One of the themes is to study its action on the geometric objects on X. Recall that a vector bundle E on a smooth projective curve is called semi-stable (resp. stable) if µ(E ′ ) ≤ µ(E) (resp. µ(E ′ ) < µ(E)) for any nontrivial proper subbundle E ′ ⊂ E, where µ(E) is the slope of E. It is known that F * is preserves the stability of vector bundles (cf. [3] ), but F * does not preserve the semi-stability of vector bundle(cf. [1] for example).
Semi-stable bundles are basic constituents of vector bundles in the sense that any bundles E admits a unique filtration
which is the so called Harder-Narasimhan filtration, such that (1) gr
The rational number I(E) := µ(gr HN 1 (E)) − µ(gr HN ℓ (E)), which measures how far is a vector bundle from being semi-stable, is called the instability of E. It is clear that E is semi-stable if and only if I(E) = 0.
Given a semi-stable bundle E on X 1 , then F * E may not be semistable, so it is natural to consider the instability I(F * E). In [4, Theorem 3.1], the author prove I( 
The case rkE = p was proved in [2] . Our observation is that the arguments in [2] and Sun's theorem together imply the general case.
Proof of the theorem
Let X be a smooth projective curve over an algebraically closed field k with char(k) = p > 0. The absolute Frobenius morphism F X : X → X is induced by the homomorphism
For a vector bundle E on X,the slope of E is defined as µ(E) := degE rkE where rkE (resp. deg E) denotes the rank (resp. degree) of E. Then Definition 2.1. A vector bundle E on a X is called semi-stable (resp. stable) if for any nontrivial proper subbundle E ′ ⊂ E, we have µ(E ′ ) ≤ (resp. <)µ(E).
Theorem 2.2. (Harder-Narasimhan filtration) For any vector bundle E, there is a unique filtration
which is the so called Harder-Narasimhan filtration, such that
By using this unique filtration of E, an invariant I(E) of E, which is called the instability of E was introduced (see [3] and [4] ). It is a rational number and measures how far is E from being semi-stable.
Then the instability of E is defined to be
It is easy to see that a torsion free sheaf E is semi-stable if and only if I(E) = 0.
For any semi-stable bundle E, let
be the Harder-Narasimhan filtration of F * E. Then we have the following lemma, which is implicit in [2] .
Lemma 2.4. For any semi-stable bundle E, we have
,
. Now we prove our theorem by using this lemma and Sun's theorem on stability of Frobenius direct images.
Proof of Theorem 1.1. (1) ⇒ (2) is contained in [3] . We prove (2) ⇒ (1) here. Since I(
by lemma 2.4. We consider the surjection Thus ψ induce an isomorphism:
